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Abstract. We consider non-local elliptic operators with kernel K{y) — 
a{y)/\y\'''^'^ , where < a < 2 is a constant and a is a bounded mea- 
surable function. By using a purely analytic method, we prove the con- 
tinuity of the non-local operator L from the Bessel potential space Hp 
to Lp, and the unique strong solvability of the corresponding non-local 
elliptic equations in Lp spaces. As a byproduct, we also obtain interior 
Lp-estimates. The novelty of our results is that the function a is not 
necessarily to be homogeneous, regular, or symmetric. An application 
of our result is the uniqueness for the martingale problem associated to 
the operator L. 



1. Introduction 

Non-local equations such as integro-differential equations for jump Levy 
processes have attracted the attention of many mathematicians. These equa- 
tions arise from models in physics, engineering, and finance that involve 
long-range interactions (see, for instance, |9|). An example is the follow- 
ing non-local elliptic equation associated with pure jump process (see, for 
instance, j2l]): 

Lu-Xu = f inR'^, (1.1) 

where 

Lu= (u{x + y)-u{x)-y-Vu{x)x^''\y)) K{x,y)dy, (1.2) 

^W=0 forcTG(0,l), x^'^ = Vi3i, X^"^ = l for a G (1,2). 
In the above, A is a nonnegative constant and K(x, y) is a positive kernel 
which has the following lower and upper bounds: 

(2 - < K{x, y)<{2- a)^, (1.3) 
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where < < A < oo are two constants. 

As is well known, if K{x,y) = c~'^\y\~'^~'^ with c = c{d,a) > and 
a G (0,2), we get the fractional Laplace operator — (— A)°"/^, which has 
the symbol — ICI*^- In this case, the classical theory for pseudo-differential 
operators shows that, for any A > and / E Lp(R'^), 1 < p < oo, there 
exists a unique solution u G Hp{M.'^) to the equation (ll.lj) satisfying 

lkll/f-(Rd) < iV(d,o-, A,p)||/||i^(Kd); 

see Section 12.11 for the definition of the Bessel potential space 
In general, if the symbol of the operator is sufficiently smooth and its 
derivatives satisfy appropriate decays, the aforementioned Lp-solvability is 
classical following from the Fourier multiplier theorems (see, for instance 
p8t [T5l [T3]). It should be pointed out the Lp-solvability is also available if 
the kernel K{y) is of the form a{y) /\y\'^~^'^ , and a{y) is homogeneous of order 
zero and sufficiently smooth; see |18^ I24j. 

In this paper, as a first step of our project, we extend this type of Lp- 
solvability to the equation ([LT]Q when the kernel K is translation invariant 
with respect to x, i.e., K{x, y) = K(y), merely measurable in y, and satisfies 
only the ellipticity condition (jl.3p . Moreover, if a = 1 we make a natural 
cancellation assumption on K; see (12. ip . Note that the operator L has the 
symbol 

m(0 = / (e'y< -l-iy ix^"^ {y)) K{y) dy, 

which generally lacks sufficient differentiability to apply the classical multi- 
plier theorems. 

There has been considerable work concerning regularity issues of solutions 
to non-local equations, such as the Harnack inequality. Holder estimates, 
and non-local versions of the Aleksandrov-Bakelman-Pucci (ABP) estimate. 
Firstly appeared approaches were probabilistic; see, for example, [6ll3l[5]. 
Recently, analytic and PDF techniques have been used to study non-local 
equations with symmetric kernels in [8j, [l6j , and with non-symmetric kernels 
in [271 [13 [21 |3]o See also [T2| for another ABP type estimate for a certain 
class of fully nonlinear non-local elliptic equations. 

On the other hand, to the best of our knowledge, little is known in the 
literature about the Lp-estimates of non-local operators if K is only mea- 
surable and non-symmetric. Our approach in this paper is purely analytic 
and uses techniques only from PDF, and does not use any multipliers or 



One can also consider the equation with x*^"^' = lyesi for all a G (0,2). For a 

discussion about this case, see Remark 12.51 

^The kernel K is said to be symmetric if K{y) = K{—y). In this case, Lu can be 
written as 

Lu{x) = - {u{x + y) + u{x ~y)~ 2u{x)) K{y) dy. 
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probabilistic representations of solutions. We obtain a fully equipped Lp- 
estimate which enables us to get the desired Lp-solvability of the equation 
([LTD in the space H^{W^), a £ (0,2); see Theorem EH We note that, in 
the symmetric related Lp-estimate can be deduced from the main 

result in a fairly recent paper [7] , where a probabilistic approach is used to 
study Fourier multipliers. To be precise, thanks to the symmetry of K{y), 
applying Theorem 1 in [7] to the symbol 



Our proof of Lp-estimates for non-local operators is founded on so-called 
mean oscillation estimates along with the Hardy-Littlewood maximal func- 
tion theorem and the Fefferman-Stein theorem. This method was used by 
N.V. Krylov in [20] to treat second-order elliptic and parabolic equations 
with \M.Ox coefficients (see also |14[ [TT| for earlier work) , and further de- 
veloped in a series of papers including [21] and [lO] for second-order and 
higher-order equations with rough coefficients. In this paper, we adapt this 
method to study non-local operators. One feature of the method is that 
it does not require a representation formula of solutions via fundamental 
solutions, which makes it possible to deal with non-local operators with in- 
homogeneous and merely measurable kernels. The key step in establishing 
the mean oscillation estimates of solutions is based on the following C"- 
estimate for the non-local equation Lu — Xu = f: 



with a constant N which is independent of the size of A > 0; cf. Corollary 
14.31 This estimate is non-local in the sense that the local Holder norm of 
the solution u depends on u itself in the whole space. For the proof, we 
use some ideas from [2]. To proceed from this Holder estimate to the mean 
oscillation estimate of n, we make a crucial observation that the first term 
on the right-hand side above can be bounded by the maximal function of u 
at the origin. We then use this idea to further estimate the mean oscillation 
of the fractional derivative (— A)'^/^n. 

We remark that during the preparation of this paper we learned that 
Mikulevicius and Pragarauskas established Lp-estimates for non-local par- 
abolic equations in [23], where they considered both stochastic local and 
non-local equations using probabilistic methods. The ellipticity condition in 
|23) is slightly more general than ours replacing u in (jl.3p by a sufficiently 
smooth, positive, and homogeneous of order zero function, which can be 
degenerate on the whole space except on an arbitrarily narrow cone with 



M(0= V vs . Vidy)=K{y)dy, 

jRd(cos(e-y) - l)V{dy) 
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vertex at zero (also see [21] )• However, for the strong solvability, the au- 
thors of [23] appealed to the continuity estimate of L proved in f!\ and [24j , 
which requires either the symmetry of K or the homogeneity and sufficient 
smoothness of K. A direct consequence of our main result is the strong 
solvability of the stochastic non-local equations under considerably relaxed 
conditions; see Remark 12.41 

We state the main result, Theorem 12.11 and its applications in the next 
section after we introduce a few necessary notation. The proof of Theorem 
12.11 will be given in Section [6] after we prove an L2-estimate in Section [31 
a Holder estimate in Section U and finally mean oscillation estimates in 
Section [5l Section [7] is devoted to several interior local estimates, which are 
deduced from the global estimate in Theorem 12. II 

2. Main result 

2.1. Function spaces and notation. For p G (l,oo) and a > 0, we use 

HpiW^) to denote the Bessel potential space 

i/;(M°') = {n E Lp(M°') : (1 - A)'^/\ G Lp{W^)}, 
which is equipped with the norm 

M\H-{^d) = 11(1 - ^)'^^^^^IIlp{R'^)- 

The homogeneous space is denoted by 

H;{M!^) = {n E 5'(M^) : {-i^Y''^u G Lp(M^)}, 
where S'{W^) is the space of tempered distributions. We use the semi-norm 

Note that by the inequalities 

iVi(i + ier)<(i + iciY/'<A^2(i + i?r), 

we have 

lklli?^(R'') ~ ll'"llLp(Rd) + ll'"llij^(K<i)- 

Throughout the paper we omit in C^{W^), Lp{W^), or {W^) whenever 
the omission is clear from the context. We write N{d, u, ...) in the estimates 
to express that the constant N is determined only by the parameters d, z^, .... 

2.2. Main theorem. In addition to the ellipticity condition (II. 3p . in the 

case 0" = 1 we assume 

[ yK{y)dSr{y)=0, VrG(0,oo), (2.1) 

JdBr 

where dSr is the surface measure on dBr- We remark that (12. Ih is needed 
even for the continuity of L from H2 to L2; cf. Lemma l3.ll In particular, 
(j2.ip is always satisfied for any symmetric kernels. It is worth noting that 
due to (12. ip the indicator function x^^^ can be replaced by Ib^ for any r > 0. 
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Here is the main result of this paper. 

Theorem 2.1 (Lp-solvabihty) . Let 1 < p < oo, X > 0, and < a < 2. 
Assume that K = K{y) satisfies (|1.3p and, if a = 1, K also satisfies the 
condition ()2.ip . Then L defined in (jl.2p is a continuous operator from Hp 
to Lp. For u G Hp and f & Lp satisfying 

Lu-Xu = f in R'^, (2.2) 

we have 

\\u\\^^ + \/A||n||^./2 + A||n||L^ < iV||/||L,, (2.3) 

where N = N{d,i',A,a,p). Moreover, for any A > and f € Lp, there 
exists a unique strong solution u G H^ of (|2.2p . 

Remark 2.2. Upon using the embedding C H^ for p > d/a, Theorem 
12.11 imphes a new uniqueness result for the martingale problem associated 
with the Levy type operator L; see, for instance, [TH]. For other results 
about the martingale problem for pure jump processes, we refer the reader 
to [iSl |26l ESI H] and the references therein. 

Remark 2.3. For the sake of brevity, in this paper we do not present the 
precise dependence of the constant N in ()2.3p on the regularity parameter a. 
Nevertheless, by keeping track of the constants we find that, if o" G [c"o,2), 
where gq G (0, 2), in the symmetric case the constant in the estimate (j2.3p 
depends on ctq, not a. In the non-symmetric case, if < ctq < o" < ui < 1 
or 1 < (To < 0" < 2, then the constant N depends on ctq (and fii), not a. In 
particular, N does not blow up as a approaches 2. A similar fact is observed 
in the study of local regularities of non-local equations in [8j . 

Remark 2.4. One noteworthy result in Theorem 12.11 is the continuity of 
the operator L from H^ to Lp. One can see from the proofs below that 
for this continuity the lower bound in the ellipticity condition (jl.3p is not 
needed. This implies that the operators in j23] are continuous from Hp 
to Lp under Assumption A [23j and the cancellation condition (j2.ip in the 
case £7 = 1. On the other hand, in [23] it is shown that weak solutions 
are strong solutions if the operators are continuous. Therefore, the weak 
solutions obtained in [23] are indeed strong solutions (under the additional 
cancellation condition (j2.ip when a = 1). 

A natural question is whether the result in Theorem 12.11 can be ex- 
tended to equations with translation-variant kernels of the form K{x, y) = 
a(a;, y)|y|~'^~'^, under natural conditions on K, say K satisfies the assump- 
tions above and a is uniformly continuous (or smooth) with respect to x. 
Recall that the classical Lp-theory for second-order equations with uniformly 
continuous coefficients is built upon the estimates for equations with con- 
stant coefficients by using a standard perturbation argument and a partition 
of unity technique. However, for the non-local operator (II. 2p . such a pertur- 
bation method seems to be out of reach. We note that estimates of this type 
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were obtained in |M| by using the Calderon-Zygmund approach when the 
function a{x,y) is homogeneous in y of order zero and (some higher order) 
derivatives of a{x, y) in y are uniformly continuous in x. The Lp-estimate in 
the translation-variant case remains to be a challenging problem if a{x, y) is 
inhomogeneous and merely measurable with respect to y. 

Remark 2.5. In our main theorem (Theorem l2.ip . we consider the operator 
L in (jl.2p with three different x^'^^ depending on the range of a. In this 
remark, we discuss the solvability in the unified case x^'^'^ = Ij/gSi ^ 
a G (0,2), which is also of interest from the probabilistic point of view. 
Upon setting 



Lu= I {u{x + y) -u{x) -y ■Vu{x)ly(,Bi)K{y)dy, (2.4) 
we observe that 



Lu = Lu + b- Vii, (2.5) 



where 

b = 



I yK{y)dy if a G (0,1), h=( yK{y)dy ifc7G(l,2). 



Then the unique solvability in Hp of Lu — Xu = f follows from that of the 
equation 

Lu + b-Vu- Xu = f in R'^, (2.6) 
where 6 = (6i, . . . , 6^) is a constant vector. For the equation (j2.6p . as in the 
proof of Theorem 12.11 it suffices to prove the following estimate for u £ 
satisfying ()2.6p : 

||u|| + \/A||n||^./2 + A||n||L^ + ||6 • Vu\\l, < A^||/||l„ (2.7) 

where N = N{d,u, A,a,p). This estimate is proved using the results in [23] 
combined with the continuity of the operator L from Hp to Lp proved in 
Theorem 12.11 For the reader's convenience, we present a proof at the end 
of Section [6l We note that, because of (j2.5p . in general L defined in (j2.4p is 
not a continuous operator from Hp to Lp when a £ (0, 1). 

3. L2-ESTIMATE 

To investigate the Lp-solvability of the equation (12. 2p . we first study an 
-L2-estimate. Recall that 

-i-Ay/Mx) = -P.V. / {uix + y)- u{x)) 

c jRd \y\'^+'' 

where 

c = c{d, a) = vr'^/^22-^r(2 -f ) 

Here T is the Gamma function. Throughout the paper we always assume 
that K = K{y) satisfies (jl.3p and, if a = 1, X also satisfies the condition 

(EH). 
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Lemma 3.1. The operator L defined in ()1.2p is continuous from H2 to L2. 
Let X>0 be a constant and u G H2 satisfy 



Lu-Xu = f in 



where f € L2(M'^). Then we h 



ave 



\h^ + VX\\u\\^./2+X\\u\\l, < Nid,i^)\\f\\L,. 



(3.2) 



Proof We first consider the case u S C^. By taking the Fourier transform 
of (|1.2|) . we have 



LuiO = m I -^-W ex^"^ iy)) K{y) dy. 

/rod V / 



Then 



\Lu\'^dx= I \Lu{0\'^d^ 



l-iy^X^''Hy))Kiy)dy 



dC 



> 



d^ 



m)\H / {l-cos{^-y))K{y)dy) d^ 
>i2-af,.^ [ HOlH [ {I - cosiC ■ y))\y\-''~'' dy) dC 
= u^c\2-af [ \{-Ar/\\^dx, 



where c is from (j3.ip . Here we used the lower bound in (jl.3p and the fact 
that 1 — cos(^ • y) is non-negative. Note that, for a £ (0,2), there exists 
N = N{d) such that 



92-0- -n(2 _ £^ 
<2-cx)=vr'^/^±^i^^>iV(d). 



a r(^) 



Hence it follows that 



/ 



\Lu{x)\'^dx > iV(d,z^)||nf. 



(3.3) 
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Similarly, 

— / uLudx = — / Lu{(,)u{(,) 



[ \m\H^[ (e'^-^-l-iy^X^''Hy))K{y)dy)d^ 
|n(OP / (l-cos(e-y))K(y)dyd^ 
>{2-a)u [ |n(Ol' / {l-cos{^-y))\y\-''-''dyd^ 
= uc{2-a) [ |(-A)"/^updx. (3.4) 



From the equality 

\Lu — Xu\'^ dx = I l/l^dx, 



we finally obtain the estimate p.2p for u £ by collecting l\3.3\i and ([37 

For the general case, we need to show the continuity of L. The symbol of 
L is given by 

m(0 = / (e'y< -1-iy e(l.e(i,2) + heB, la=i)) K{y) dy. 

Clearly, m(0) = 0. In the sequel, we assume ^ 7^ 0. By using the upper 
bound of K in ()1.3p and the change of variable y — it is easily seen 
that for a £ (0,1) or a G (1,2), we have |m(C)| < N{d,a,A)\^\'' . If a = 1, 
from ()2.ip we get 

MO = [ U''^ -l-iy eilcij/esO K{y) dy, 

which gives |?n.(^)| < A^|^| by using the same argument. Therefore, in any 
case we have 

\\Lu\\l, = MOmimL, < N\\u{0\^r\\L, < N\\u\\^^, (3.5) 

which implies that L is a continuous operator from H2 to L2. To prove the 
estimate (j3.2p for general u G Hp, we use the fact that is dense in H2 
and the continuity of the operator L — A from H2 to L2 ■ This completes the 
proof of the lemma. □ 

Remark 3.2. We note that the proofs of (|3.3p and (j3.4p do not use the 
cancellation condition when a = 1. These inequalities can also be verified 
without using the Fourier transform. Indeed, (j3.4p follows from the identity 

uLudx = / / {u{x + y) — u{x)^'^ K [y) dy dx 
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and the ellipticity condition ()1.3p . For ()3.3p . we decompose K into its sym- 
metric and skew-symmetric parts K = Ke + Kq, where 



Clearly, Kg satisfies (jl.Sp . Let Lg and Lo be the corresponding operators 
with kernels Kg and Ko, respectively. It is easily seen that 



• Ke{y)Ke{z) dy dz dx. 

Now we use the change of variables z — )■ — z and x ^ x + z to obtain another 
expression of 21, which is the same as above with u{x + y + z) — u{x + z) in 
place of u{x) — u{x + y). By adding these two expressions of 21, we finally 
reach 



which along with (|1.3p gives (|3.3p . 

For the solvability result, we present the following two lemmas, which 
are versions of those in \22\ Chap. 1] for non-local operators. For later 
references, the operator in these lemmas is a bit more general than that in 
Theorem 12.11 having a drift term b ■ Vn. The first lemma is a maximum 
principle. 

Lemma 3.3 (A maximum principle). Let X > be a constant, b = (bi, . . . , b^) 
be a bounded measurable function in W^, and u be a smooth function in 
satisfying u{x) — )■ as x — )■ oo. Assume that Lu + b • Vu — Xu = in W^. 



K,{y) = -{K{y) + K{-y)), Ko{y) = -{K{y) - K{-y)). 




Therefore, we have 






Then u = in 
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Proof. We prove the lemma by contradiction. Suppose that sup]gd u > 0. 
Since u tends to as x — )■ oo, we can find xq G M*^ such that u{xo) = sup^d u. 
Then from ()1.2p . it is easily seen that Lu[xq) < 0. This together with 
ti(xo) > and Vu(xo) = gives Lu — Xu < at xq, which contradicts the 
assumption in the lemma. Therefore, we must have supj^d n < 0. Similarly, 
infjgd u > 0. This completes the proof of the lemma. □ 

Lemma 3.4. Let X > be a constant and b = {bi, . . . ,bd) be a constant 
vector in M'^. Then the set {L + b ■ V — A)Cq° is dense in Lp for any 
P e (l,oo). 

Proof. Assume the assertion is not true. Then by the Hahn-Banach theorem 
and Riesz's representation theorem, there is a nonzero function g G Lp/(p_i) 
such that 

/ {Lu{x) + b-Vu{x)-Xu{x))g{x)dx = (3.6) 

for any u G C^. Let L* be the non-local operator L with K{y) replaced by 
K{—y). Then we see that, for each y G M.'^, 

L*{u *g){y) -b- V{u * g){y) - An * g{y) 

= I {Lv{x) + b ■ Vv{x) — Xv{x))g{x) dx = 0, 

where v{x) = u{y — x) G and the last equality is due to (jS.Op with v 
in place of u. Because u G and g G Lp/(p_i), the function u * g{y) is 
smooth and tends to zero as y — )■ oo. By Lemma [3 . 3 1 applied to the operator 
L* — 6 • V — A, we get that u * g = in W^. Bearing in mind that u G is 
arbitrary, we conclude g' = in M"^, which contradicts our assumption that 
g is a nonzero function. The lemma is proved. □ 

Now we are ready to prove the following solvability result. 

Proposition 3.5 (L2-solvability). For any A > and f £ L2, there exists 
a unique strong solution u G H2 to Lu — Xu = f inR.'^ satisfying (|3.2p . 

Proof. Due to Lemma 13.41 we can find a sequence Un G such that 
Lun — Xun converges to / in L2. By Lemma l3.ll we have 

^ra Ili2 < N{d,u)\\LUn- XUn\\L2 (3-7) 

2 ^2 

and 

\\Un - UmWrr" + VA||Un - nm|U<T/2 + X\\Un - ■MmlUa 
2 J^2 

< N{d, iy)\\L{un - Um) - A(n„ - U„i)\\l2- 

Therefore, {un} is a Cauchy sequence in there is a limiting function 

u G H2 . By the continuity estimate (|3.5p and (|3.7p . u is a strong solution 
to Lu — Xu = f and satisfies (j3.2p . Finally, the uniqueness follows from the 
estimate (j3.2p . The proposition is proved. □ 
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Remark 3.6. In the proof of Proposition [331 instead of relying on Lemmas 
13.31 and 13.41 one may also use the method of continuity and the solvability 
of — (— A)*^/^ — An = / in //I- The same remark applies to the proof of 
Theorem 12. 1[ 

4. Holder estimate 

In this section we prove a Holder estimate of solutions to the equation 
Lu — Am = /. The novelty of the result here is that the constant in the 
estimate is independent of A > 0. Our proof is based on the arguments 
developed in p]. In the case A = 0, similar Holder estimates with very 
different proofs can be found in jSj for symmetric kernels and very recently 
in [17] for non-symmetric kernels. We note that more general nonlinear 
Pucci type operators are treated in [8} [TT]. 

Theorem 4.1 (C"-estimate). Let X > 0, < a < 2, 1/2 < r < R < 1, and 
f G L^{Bi). Let u G C^^iBi) n Li{W^,oj) with uj{x) = 1/(1 + |a;|°'+<^) such 
that 

Lu — Xu = f 
in Bn. Then for any a G (0, min{l, cr}), we have 

<n({R- r)- sup \u\ + {R- r)-'^-"||n||i^(R.,^) + {R- r)-" osc^^ /) , 
where N = N{d, i^, A, a, a) . 

Proof. Denote ri = {R — r)/2, and f = (R + r)/2. Set w{x) = Lbr{x)u{x). 
For X G Bf, we have Vu(x) = Vw{x) and thus 



Lu{x) = / (u{x + z) — u{x) — z-'Vu{x)x^'^\z)]K{z)dz 
./rod V / 

(^w{x + z) — w{x) — z ■ Vw{x)x'"'^^ (z)^ ^{^) 
+ / {u{x + z) — w{x + z))K{z) dz 
Lw{x) + / {u{x + z) — w{x + z))K{z) dz. 

J\z\>r-, 



Hence in Bf 
where 

Note that 



'\z\>ri 

Xw{x) — Lw{x) = g{x) — /(x), 



g{x) = I {u{x + z) — w{x + z))K{z) dz. 

'|2|>ri 



||9||L^(ij«) < iVr/ ni^^llLi(Rrf,a.), (4.1) 
where N = N{d,A,a). 
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For xq G Br, we set 

M{x, y) := wi^x) — w{y) — <j){x — y) — r(x), 

where (j){z) = Ci\z\°', a G (0, min{l, a}), and T{x) = C2\x — xop. We will 
find Ci,C2 G (0,00) depending only on d, u, A, a, IMl^^^Br), \\u\\LiiRd,uj), 
oscbji fjfi, but independent of the choice of xq £ Br, such that 

sup M{x,y) < 0. (4.2) 

This proves the assertion in the theorem. More specifically, using the fact 
the Ci and C2 are independent of the choice of xq £ Br, we obtain 

\u{x) - u{y)\ < Ci\x - yl" , x,y e Br, 

where Ci will be taken below to be the right-hand side of the Holder estimate 
in the theorem. 

To prove ()4.2p . we first take 

C2 := 8r^^\\u\\L^(BR)- 
Then, for x G \ Br^/2{xo), 

w{x) - w{y) < 2\\u\\l^(^Br) < C2\x - xq^. 

This shows that 

M{x,y)<0, xeM.^\Br,/2{xo). (4.3) 

To get a contradiction, let us assume that there exist x, y G M.'^ such that 
M{x,y) > 0. By ()4.3p we know that x G -Bri/2(3^o) C B(^f+r)/2- Moreover, if 
M{x,y) > 0, then 

wix)-w{y)>Ci\x-yr, i.e., \x - y^ < " (4.4) 

If we take a sufficiently large Ci so that Ci > 2-'^+"rj|^°||n||/,^(5^), the above 
inequalities show that y G Bf- Therefore, the assumption that M{x, y) > 
for some x, y G M'^ (and the continuity of u on Br) enables us to assume 
that there exist x,y & Bf satisfying sup^ ^gjgd M{x,y) = M{x,y) > 0. 
Note that at x, y G .Bf we have 

g{y) - f{y) = >^w{y) - Lw{y), 
—g{x) + /(x) = —Xw{x) + Lw{x). 

Thus, upon observing w{y) — w{x) < 0, it follows that 

- 2||c/||l^(b^) - oscB^ / < A {w{y) - w{x)) + Lw{x) - Lw{y) 

< Lw{x) - Lw{y) := I. (4.5) 

We decompose K into a symmetric part Ki and non-symmetric part K2, 
where 

K^{z)=uAn{K{z),K{-z)}, K2{z) = K{z) - Ki{z). 
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Clearly, the kernel Ki also satisfies ()1.3p . and K2 > has the upper bound 
in ()1.3p . Let Li and L2 be the elliptic operators with kernels Ki and K2, 
respectively. Then / in (j4.5p can be written as 

I = h + h, 

where 

h := Liw{x) - Liw{y), h ■= L2w{x) - L2w{y). (4.6) 
Thanks to the symmetry of i^i, we have 

h = \ ( J{x,y,z)Ki{z)dz, 

where 

J{x, y, z) = w{x + z) + wi^x — z) — 2w{x) — w{y + z) — w{y — z) + 2w{y). 
Since M{x, y) attains its maximum at x, y, we have 

w{x + z) — w{y + z) — (p{x — y) — T{x + z) 

< w{x) — w{y) — (j){x — y) — r(x), (4.7) 

and 

w{x — z) — w{y — z) — (/)(x — y) — T{x — z) 

< w{x) — w{y) — (j){x — y) — r(x) 

for all z £ W^. These two inequalities lead us to 

J{x,y,z)<T{x + z) + T{x-z)-2T{x), z G M"^. (4.8) 
By again the assumption that M{x, y) has the maximum at x, y, we have 

w{x + z) — w{y — z) — (j){x — y + 2z) — T{x + z) 

< w{x) — w{y) — 4){x — y) — r(x), 

and 

w{x — z) — w{y + z) — (f){x — y — 2z) — T{x — z) 

< w{x) — w{y) — (j){x — y) — r(x) 

for all z G M*^. Hence it follows that, for any z ^W^, 
J(x, y, z) < (j){x — y + 2z) + (p{x — y — 2z) — 2(f){x — y) 

+ r(x + z) + r(x-z)-2r(x). (4.9) 

Set a = X — y. Since x,y satisfy (14.4p . we have \a\ < r\j2. Also set, for 
some ??i,r/2 S (0, 1/2), 

C = {Izl < 77i|a| : l-z • a| > (1 — T/2)|a| |^;|}. 
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Then C C and 

2/1= / J{x,y, z)Ki{z) dz + / J{x,y, z)Ki{z) dz 

J\z\>ri JBr^XC 



+ ^ J{x, y, z)Ki{z) dz := Ti + Ta + Tg. (4.10) 

Note that 

ri<iV(d,A,a)rn|n||i^(B«). 

By (gS]) it follows 

< /" {T{x + z)+T{x-z)-2T{x))Ki{z)dz<Nrl-''C2, 

J Br J \C 

where N = N(d,A), but is independent of 7/i,?/2 in the definition of C. 
Now using (j4.9p we obtain 



T3 < y ((/'(x - y + 2z) + - y - 2^) - 2(/.(x - y)) Ki{z) dz 

+ ^ (r(x + z) + r(x - z) - 2r(x)) Ki{z) dz -.= Tg.i + r3,2. 

The term T3^2 is again bounded by Nr\~"C2, where N = N{d,A). Finally, 
by Lemma 14.21 below. 

73,1 < -N{d,u,a)Ci\a\"-''. 

Thus, we get from ()4.10p and the choice of C2 that 

h < N{d,A,a)r^^\\u\\L^(^Bn) - Nid,u,a)Ci\ar-''. (4.11) 

Next we estimate I2 = L2w{x) — L2w{y) in (j4.6p . We consider separately 
three cases: o" < 1, o" = 1, and a > 1. 
Case 1: a € (0, 1). In this case. 



+ / {w{x + z) — w{x) — w{y + z) + w{y)) K2{z) dz 

|z|>ri J Br J 

■.= Ti + n. (4.12) 

Similar to Ti, we bound T4 by N{d,A,a)r^'^\\u\\x^^(^Bii)- Since a £ (0, 1) 
and \x — xo\ < ri/2 by (j4.3p . from ()4.7p we have 



dz 



T5< / {T{x + z)-T{x))K2{z)dz 

'Br, 



<2{2-a)AC2 j (|z|2 + 2|z||x-xo|)^^ 



<iV(d,A,a)r2— C2. 
Therefore, we get from (|4.12p and the choice of C2 that 

/2<7V(d,A,cT)rni^z|U^(B«). (4.13) 
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Combining (113]), (HTTll) . and ([11]) we finally have 

< N{d,A,a) (oscB^/ + rf"||u||L^(B^) +ri-'^-"||n||i^(Kd,^)) 

- N{d,u,a)Ci\a\''-'' := J. 

Choose Ci so that Ci > 2-'^+"rjf "||n||/,^(^^) as well as 



Ci > N{d, A, a)rr" (oscB^ / + r^^'Wuh^f^Bn) 

+ ri'^''"\W\\L,(R'',u))/N{d, iy,a). 
Then, for a G (0, min{l, ct}), by (g^D |a|""'^rp" > 1 and 

J < iV(d,A,cr)(^oscB^/ + rj;'^||n||i^(B^) 

:,(M^,a.))(i-kr~'^^r")<o. 



This contradicts the fact that J > 0. 

Case a = 1. Note that, because i^i is symmetric, both Ki and K2 
satisfy (|2.ip . Therefore, can be replaced by Is^^ in the definition of L2, 
and we have h = + T^, where 

T4 = [w{x + z) — w{x) — w{y + z) + w{y))K2{z) dz, 

J\z\>ri 



T5 = {w{x + z) - w{x) - w{y + z) + w{y) 

- z ■ {Vw{x) - Vw{y)))K2iz) dz. 

Then we bound T4 as in Case 1. 

Since M{x,y) attains its maximum at the interior point {x,y), we easily 
get 

Vw{x) = V(j){x - y) +VT{x), Vw{y) = V<l){x - y). (4.14) 
For T5, using (j4.7p and ()4.14p . we have 

T5< I {T{x + z) -T{x) - z ■ {Vw{x) -Vw{y))lB,)K2{z)dz 
= / {T{x + z)-T{x)-z-Vr{x))K2iz)dz 

J Br, 

C2\z\'^K2{z)dz 



< N{d,K)rl-''C2. 
Then we argue as in Case 1 to get the contradiction. 
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Case 3: a E (1, 2). Now = 14 + Tg, where 

T4 = (^w{x + z) — w{x) — w{y + z) + w{y) 

J\z\>ri 

- z ■ {Vw{x) - Vw{y)))K2iz) dz, 



Ts = / (w(x + z) — w{x) — w{y + z) + w(y) 

- z ■ {Vw{x) - \/w{y)))K2{z) dz. 

Because a G (1, 2), \x — xo| < ri/2, and C2 = ^i'i'^\\u\\Loa{BR)i by (|4.14p we 
have 

Ta< j {A\\u\\L^^BR) + \z\\VT{x)\)K2{z)dz 

J\z\>ri 

<iV(d,A,a)rr"||n||i^(B^). 
It fohows from (jiT]) and that 

75 < / {T{x + z)-T{x)- z-VT{x))K2{z)dz 

JBr^ 

= 1 C2\z\'^K2{z)dz 

< iV(d,A)r2— C2. 

So we again argue as in Case 1 to arrive at the contradiction. 

Therefore, we conclude that ()4.2p holds true in all three cases. The theo- 
rem is proved. □ 

Recall that a = x — y and 

73,1= j {(l){a + 2z) + <j){a-2z)-2<j){a))Ki{z)dz, 

where 

C = {\z\ < 7]i\a\ : \z ■ a\ > {1 — r]2)\a\\z\}. 
Lemma 4.2. There exist r/i,r/2 £ (0, 1/2), depending only on a, such that 

T3,i < -iVCl|ar-^ (4.15) 

where N = N{d, a) > 0. 

Proof. The idea of the proof is to use the local concavity of the function \x\" 
in the radial direction. Set r]{t) = a + 2tz, where a = x — y. Then 

^{t) := (l){a + 2tz) = ct>{v{t)). 
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Since = Ci|x|", we have 



= {\xn = cm\xr-^, 

OXi OXi 

(x) = Cia{a — 2)xiXj\x\°'~'^ + Cia\x\°'~'^Ii=j. 



dxidxj 



Hence 



i=l i=l 



and 



= ACia{a - 2)|7?(t)r~^|r/(i) • zj^ + ACia\'q{t)\^~^\z\'^ 
= 4Cia| 
Observe that, on C 



ACia\a + 2te|°-^ [(a - 2)|(a + 2tz) ■ + |a + 2tzp|zp] 



ip'\t) < ACia\a + 2tz|"-^ [(a - 2)(1 - 2r/i - 772)^ + (1 + 2r/i)- 1 |ariz| 



|a + 2tzp < (1 + 2r7i)2|ap, 
|(a + 2te) ■ z\ = \a- z + 2t\z\'^\ > \a ■ z\ - 2|zp 
> (1 - m)\a\\z\ - 2\zf > (1 - 27?i - m)\z\\a\ 
for alH G [—1,1]. Thus upon noting a — 2 < we get 

(4.16) 

Since (1 — 27/i — 772)^ — ^ 1 and (1 + 2?7i)^ — )• 1 as r/i,?72 \ 0, there exist 
sufficiently small r]i,r]2 £ (0, 1/2), depending only on a E (0, 1), such that 

(a - 2)(1 - 2r?i - r]2f + (1 + 2mf < {a - l)/2. 
This together with (|4.16|) implies that 

ip"{t) < -2Cia{l - a)\a + 2tz\''-^\af\z\'^ . 
From this and the fact that 

\a + 2tz|°-4 > (1 + 2r/i)"->|"-^ > 2"-^|a|"-^ 

we arrive at 

(/?"(*)< -2"-3Cia(l -a)|a|"-2|zp, tG[-l,l], z G C. (4.17) 

On the other hand, by the mean value theorem for difference quotients, there 
exists to G (—1,1) satisfying 

^(1) +^(_1)_ 2(^(0) =v?"(to). 
Using this equality and (I4.17p . we have 

Ts,! <- J 2"-3Cia(l - a)|a|"-2|zpi^i(z) dz. (4.18) 
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From the definition of C it follows that 

zpKi(z) dz>u{2-a) j \z\^''^-'' dz = N{d, u,r]2)vl~''\a\'^~'' ■ 

Combining this with (j4.18p and recalling the fact that 771, r/2 depend only 
on a, we finally obtain the inequality ()4.15p . □ 

In the next section we will need a bound of the norm of u only in terms 
of / and the weighted Li norm of u. To this end, in the corollary below we 
use an iteration argument to drop the term sup^^ |n| on the right-hand side 
of the estimate in Theorem 14.11 

Corollary 4.3. Lei A > 0, < cr < 2, and f £ Loo{Bi). Let u G Cf^^{Bi) n 
Li(M'^,a;) with u{x) = 1/(1 + such that 

Lu — Xu = f 

in Bi. Then for any a £ (0, min{l, cr}), we have 

Mc"(Bi/2) < iV||^t||Li(Rd,^) +N0SCB, f, (4.19) 

where N = N{d,v^A.,a,a). 
Proof. Set 

r„ = l-2-"-\ %) = S,„, n = 0,l,2,---. 
Theorem 14.11 gives, for n = 0, 1, 2, • • • , 

Mc.(B(„))<A^i(2'" sup |n|+2('^+")"||n||i^(iR.,,) + oscB(„^,,/), (4.20) 

where A^i = Ni{d, v, A, a, a) is a constant independent of n. To estimate the 
first term on the right-hand side of ()4.20p . by the well-known interpolation 
inequality, we have 

sup \u\ < eMc<^(B,„+,,) + Ne-''/"\\uh,(B,„^^^), ye e (0, 1). (4.21) 



B. 



(n + l) 



Upon taking e = {Ni2'^"-+^'^/°'y^ and combining K20\i and (fOT]l . we get 

Mc^{B(„)) < 2-3'^/-Mc.(^^,^^^,) + Ar22"'^/"||^|U,(^,) 

+ iV2('^+")"||n||i^(j,.,,) + iVoscB, /. (4.22) 

We multiply both sides of ()i:22]) by 2-^'^"/" and sum over n to obtain 

00 

n=0 

00 00 

n=0 n=0 

00 00 

-FiV J^2-3'^"/-+('^+")"||^IIli(r^.) + A^E2"''"^"oscB, /, 



n=0 n=0 



NON-LOCAL ELLIPTIC EQUATIONS 



19 



which immediately yields (I4.19p . The corollary is proved. □ 

5. Mean oscillation estimates 

This section is devoted to several mean oscillation estimates for u and its 
fractional derivative (— A)'^/^n by using the L2 estimate in Section [3] and 
the Holder estimate established in Section HI 

We recall the maximal function theorem and the Fefferman-Stein the- 
orem. Let the maximal and sharp functions of g defined on M'^ be given 
by 

Mg{x) = sup / \g{y)\ dy, 

r>0 J Br(x) 



g*{x) = sup f \g{y) - {g)Br{x)\dy. 

r>0 J Br{x) 



Then 



IbllL, < m\9*\K, \\Mg\\L, < N\\g\\L„ (5.1) 

if 5 G Lp, where 1 < p < 00 and N = N(d,p). As is well known, the first 
inequality above is due to the Fefferman-Stein theorem on sharp functions 
and the second one to the Hardy-Littlewood maximal function theorem 
(this inequality also holds trivially when p = 00). Throughout the paper we 
denote 

(/)n = ^ / /(^)^^= / /(^)^^' 

I I t/ £^ 1/ 

where \Q\ is the d-dimensional Lebesgue measure of il. 

Lemma 5.1. Let X > 0, < a < 2, and f e C^^n L^oiM.'^) satisfying / = 
in B2. Let u e n C^{R'^) satisfy 

Lu-Xu = f in M*^. (5.2) 

Then for all a £ (0, min{l, a}), 

00 

Mc<.(B,/,)<iVj;2~^-(|n|)B,,, (5.3) 

fc=0 

[(-A)-/2n]c,.(B,/,) < N (f;2-'=-(|(-A)-/\|)B,, +Mf{0)] , (5.4) 



\k=0 



where N = N{d,i',A,a,a). 



Note that the right-hand side of (j5.3p and the first term on the right-hand 
side of ()5.4p are bounded by Mu{0) and A1((— A)'^/^n)(0), respectively. 
Therefore, Lemma 15.11 implies that the local Holder norms of u and its 
fractional derivative (— A)°"/^u can be controlled by the maximal functions 
of u, (— A)'^/^n, and /. This enables us to adapt the approach in pO] . 
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Proof of Lemma I5.il First note that we have u,{-Ay/^u G ^^^(^i) ^ 
Li{R'^,uj) with (jj{x) = 1/(1 + Since / = in B2, by Corollary 

-S(O) = -Si, -B(fc) = \ i?2*-l) > 1. 



Set 
Note that 



|n(x)| 



l + \x 



d+cr 



dx 



00 

00 

<iV^2-'='^(H)a 



k=0 



=0 

This together with (I5.5P gives (I5.3p . 

To prove (j5.4p . we apply (— A)°"/^ to the both sides of (15.21) and obtain 

(L - A)(-Af = (-A)'^/^- 
Again by Corollary 14. 3|, 

[(-A)'^/2«]t;.(B,/2) < iV||(-A)-/\||^^(]R.,,) + Arsup|(-Ar/2/|. (5.6) 

In exactly the same way above, we bound the first term on the right-hand 
side of (|5.6p by 



Ar^2-'='^(|(-A)-/2n|)B,,. 



fc=0 



Next we estimate the second term on the right-hand side of (j5.6p . For 
|x| < 1, we have 



A)-/2/(x) 



_ 1 
c 

< N 



P.V. / {f{x + y)-f{x))j-^dy 



\y\>i/2 \y\ ^ + J- 



dy, (5.7) 



where the inequality above is due to the fact that 

/(x) = if |x| < 2, f{x + y) = if |x| < 1, |y| < 1/2. 

Similar to the estimate of ||^t||Li(K<i above, we bound the right-hand side 
of (HZD by 

00 

NY,'i-''^i\f\)B^,<N{d,a)Mf{0). 

k=0 

The lemma is proved. □ 
By using a simple scaling argument, we obtain the following corollary. 
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Corollary 5.2. Let X > 0, < a < 2, r > 0, n > 2, and f £ C^^ D Loo(K"') 
satisfying f = in B2nr- Let u G D C^(M'^) satisfy 

Lu- Xu = f in R"^. 
Then for all a G (0, min{l, a}), 

oo 
k=0 

\fc=o / 

where N = N{d, i^, A, a, a) . 

Proof. Let R = nr, w{x) = u{Rx), and g{x) = R"'f{Rx). Set Li to be a 
non-local operator with the kernel Ki{z) = R'^~^"K{Rz). Then we see that 
Ki satisfies ()1.3p and w G Li{W^^uj). Moreover, 

Liw - R^Xw = g in M.'^, 

where g = in B2. Applying Lemma [5?T] to w, we obtain (j5.3p and (|5.4p 
with w in place of u. Turning w back to u gives the desired inequalities. □ 

Note that, for example, 

for K > 2. This combined with the inequalities in the above corollary leads 
us to 

Corollary 5.3. Let X > 0, < a < 2, r > 0, k > 2, and f e Cf^^ n LooiM-'^) 
satisfying f = in B2Kr- Let u e n C~(M'^) satisfy 

Lu- Xu = f in W^. 
Then for all a € (0, min{l, o"}), 

00 
k=0 

(|(-Ar/\-((-Ar/2nKI)^^ 

00 

A;=0 ^ 

where N = N{d,i',A,a,a). 

The proposition below is the main result of this section. It reads that 
the mean oscillations of u and {—A)'^^'^u can be controlled by their maximal 
functions together with the maximal function of 
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Proposition 5.4 (Mean oscillation estimate). Let A > 0, < o" < 2, r > 0, 

K>2, and f € C^^ n Loo- Let u € n C^{R'^) satisfy 

Lu- Xu = f in W^. 
Then for all a G (0, min{l, a}), 

X{\u-{u)bA)^^ + (|(-Ar/\- ((-A)-/2n)B,.|)^,, 

< Nk-^(^\Mu{0) + M{{-Ay/\){0)'^ +NK'^/^M{f^){0))^^\ (5.8) 
where N = N{d, A, a, a) . 

Proof. Take a cut-off function rj G CQ^{Bii^r) such that r/ = 1 in i?2Kr- Due 
to Proposition 13.51 there is a unique -fff "Solution to 

Lw — Xw = r]f. 

Since r// S C^, by the classical theory, we know that w E -fff" fl C^. It 
follows from Lemma |3. II that 

A||u;||l, + Wi-Ay/^wU, < Nid,i^)\\vf\\L„ 
which yields, for any R > 0, 

(X\w\ + \{-Ar/'w\) < N{R-'Krr/\f')]il 

<N{R-\rf/^{M{f'^){0)y^'^. (5.9) 

Now v:= u - w e H2 n satisfies 

Lv — Xv = {1 — r])f. 
Notice that (1 — r/)/ = in i?2Kr- By Corollary 15.31 we have 

00 00 

<iVAK-j;2-'=<^(|^|)B,,^^+iV^-"(5;2''='^(|(-A)'^/2^|)5^,^^+A^/(0)). 

k=0 k=0 

This together with the triangle inequality, ()5.9p . and the inequality A4f{0) < 
(A^(/2)(0))'/' gives 

X{\u-{u)bA)^^ + {\{-Ar/'u-{{-Ar/'u)BA) 

< A(b - {v)bA)b,. + i\i-^r^'^ - {{-^r^'v)Bj) 

+ NX{\w\) +N{\{-Ar/'w\) 



Br 

Br 



< Nk-"" 2-^" [X\v\ + I {-AY'^v\\ + Nk!^/^ {M{f^)(0)) 



k=o ^^"^ 



00 

< iVK-" V2-^''^(A|n| + |(-A)'^/2^|) +iVK'^/2(7W(/2)(o)) 

k=0 ^J-Kr 



1/2 
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which is clearly less than the right-hand side of ()5.8p . In the last inequality 
above, we used (15. 9p with R = 2^Kr, /c = 0, 1, . . .. The proposition is proved. 

□ 



Next, we show that the inequality (j5.8p holds true if we interchange the 
roles of -(-A)'^/2 ^^^^ ^ 

Lemma 5.5. Let A > 0, < d < 2, r > 0, k > 2, and f G C^^ n Loo- Let 

u G H^r\C'^{W^) satisfy 

- {-Ay/^u- Xu = f inR''. (5.10) 
Then for all a € (0, min{l, o"}), 

< Nk-''(^XMu{0) + M{Lu){0)'^ +NK'^/\M{f^){0)Y^\ 
where N = N{d,i',A,a,a). 

Proof. We follow the proof of Proposition 15.41 with necessary changes out- 
lined below. As before, we decompose n as a sum of w and v. For the 
estimate of w corresponding to (|5.9p . by using (|3.5p and (|3.2p we have 

(aI-u;! + \Lw\) < N{R-^Krf/^{M{f^){0)Y^\ 
V / Be. 

Since the operator L in Lemma |5. II can be set to be (— A)""/^, one can still 
use ()5.3p for the Holder estimate of v. Now for the Holder estimate of Lv, 
we need an estimate similar to (15. 



[Luhc^iB,,^) < N IY,2-'^\Lu\)b^, +Mf{0) 

\k=0 / 

provided that / = in i?2- We apply L to the both sides of (|5.10p and 
obtain 

((_A)-/2 - x)Lu = Lf. 

By Corollary HH 

[Lu]c<^^B,/,) < N\\Lu\\L,(K,^^)+Nsup\Lf\. (5.11) 

We bound the first term on the right-hand side of ()5.1ip as in the proof of 
Lemma l5. II To estimate the second term, we notice that since / = in i?2) 
for any |x| < 1 we have V/(x) = 0, and thus 



\Lf{x) 



fix + y)- fix) - y • Vfix)x'^"\y)) Kiy) dy 



ifix + y)- fix))K{y) dy 



<N I , \f{^ + y)\T-J^^dy, 

\y\>i/2 \y\ + 
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which is bounded by NAif{0) as desired. The remaining proof is the same 
as that of Proposition 15.41 □ 



6. Lp-ESTIMATE 



We finally complete the proof of the Lp solvability of Lu — Aw = / by 



providing the proof of Theorem 12.11 

Proof of Theorem First we prove the estimate 



for u G and 
and / G C{^^ n L 

oo- 



A > 0. In this case, clearly we have u G H2 n 
When p = 2, the estimate is proved in Lemma l3.ll 

Next we consider the case when p G (2, 00). Set a = mm{l,a}/2. Then 
by Proposition 15.41 combined with translations we have, for all x G M^, r > 
and K > 2, 

A(|^ - (n)5,(.)|)^^(^.) + {\{-Ar/\ - ((-A)-/2^)^„(.)|)^^(^^ 

< Nk-''(xMu{x) + M{{-Ay^\){x)) +NK'^/^M{f^){x))^^\ 



where = N{d,i',A,a). Take the supremum of the left-hand side of the 
inequality with respect to r > to get 



\u*{x) + ((-A) 



Na/2 



u 



# 



(x) 



< 



NK-'^fxMuix) + M{{-Ay/^u){x)) + NK'^/^M{f^)ix)) 



,V2 



By applying the Fefferman-Stein theorem on sharp functions and the Hardy- 
Littlewood maximal function theorem to the above inequality (see the in- 
equalities in ()5.ip ). we obtain 



-A) 



a/2 



u\\lp < NX\\u 



#1 



Lp + 



((-A)-/2n)* 



< Nk-^ (^XWMuUp + ||a^((-A)'^/\)||^J +iVK'^/2||A^(/2)||V2^ 



< Nk 



MWhp + 



.A)-/2 



u\\l„ + 



where = N{d,i',A,a,p). It then only remains to take a sufficiently large 
K so that Nk~'^ < 1/2. For the case A = and u G Cq°, since the estimate 
()2.3p holds for any A > 0, we take the limit as A \ 0. 

To prove ()2.3p for general u G Hp, we need a continuity estimate of L 
as in Lemma 13.11 Thanks to Lemma 15.51 the argument using sharp and 
maximal functions as above yields, for any A > 0, 



X\\u\\r + ||Ln||r < Ar|| - (-A) 



M\Lp, 



with a constant independent of A. Letting A — )• 0, we get for any u G 



\Lu\\ 



< N\\u\ 
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which imphes that L is a continuous operator from Hp to Lp. Since is 
dense in Hp, we obtain (j2.3p in its fuh generaUty. 

Now the unique solvabihty of the equation in the case p G (2, oo) follows 
from the same argument as in Proposition 13.51 with p in place of 2 along 
with Lemma 13.41 as well as the estimates (j6.ip and ()2.3p . 

For p G (1, 2), we use a duality argument. Let L* be the non-local operator 
with kernel K(—y). Denote q = p/{p — ^) G (2,c«). For any g G Lg, by the 
//^-solvability there is a unique solution v G H^ to the equation 

L*v - Xv = g in R"*. 

It is easily seen that L* is the adjoint operator of L. Therefore, for any 
u G C^, 

[ g{-Ay/^udx= [ {L*v- Xv){-Ay/^udx 

= [ (-Af - Au) dx. (6.2) 
By using (|2.3p with q in place of p, from (j6.2p we have 

I / gi-Ar/^udx\<\\i-Ar/^v\\LjLu-Xu\\L, 

<N\\g\\LjLu-Xu\\L,. 
Since g £ Lg is arbitrary, we then get 

\\{-Ar/^uU,<N\\Lu-Xu\\L„ 

which along with a similar estimate of A||u||lp yields (j2.3p for any u G Cg°. 
For general u G Hp, as before we need a continuity estimate of L. For any 
g £ Lg, let V G Hg be the equation 

-{-Ay/^v -Xv = g in R"^. 
For any u G Cq°, we have 

/ gLudx= [ {- {-Ay/^v - Xv)Ludx 

jRd- jRd 

= [ L*v{-{-AY''^u- Xu)dx. (6.3) 

jR<i 

By the continuity of L* , from (j6.3p we have 

I / < ||L*r;||Lj| - (-A)'^/2n- AuIIl^ 

<iV|b||Lj|(-A)-/\-An||i,. 
Since g £ Lg is arbitrary, we then get 

\\Lu\\L,<N\\{-Ar/'u-Xu\\L,. 
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Letting A — )• gives the continuity of L from to Lp. The rest of the 
proof is the same as in the case p G (2, oo). The theorem is proved. □ 

Proof of the estimate (j2.7p . We take a smooth function rj G Cg°((— 2,2)) 
satisfying 'q{t) = 1 for t £ [—1,1]. Fix a T > 0. It is easily seen that 
U{t,x) := r]{t/T)u{x) G C^((-2r,2r) x R'^) satisfies 

-DtU{t,x)+LU(t,x)+b-VU{t,x)-XU{t,x) = j]{t/T)f{x)-u{x)r]'{t/T)/T. 

Define V{t, x) = U{t, x-ht). Then V G C^{{-2T, 2T) x M'^) and satisfies 

-DtV{t, x) + LV{t, x) - XV{t, x) = r]{t/T)f{x - ht) - u{x - bt)r]'{t/T) /T. 

It follows from the results in [23j combined with the continuity L from 
to Lp proved in Theorem 12.11 (see Remark 12. 4p that 

||( — A)'^/^y||2,p(((_2T,2T)xRd) + A||y||2,j^(_2r,2T)xRd) 

< NMt/T)f{x - ht) - u{x - 6t)??'(i/r)/2^llL,((-2r,2r)xR<*), 

which implies 

||(-A)'^/2n||z., + \\\u\\l, < NWfU, + NT-^\\\u\\l, 
with a constant = N{d,u,A,a,p). Letting T — t- oo, we get 
Mh^ + \/A||n|| + A||n||L^ < iV||/||L,. 

To complete the proof, we use the equation (j2.6p and (|6.ip to bound the Lp 
norm of b ■ Vn by 

\\Lu\\L, + X\\uU, + \\f\\L,<N\\f\\L,. 

□ 

7. Local estimates 

From the global estimate in Theorem 12. 11 by using a more or less standard 
localization argument one can obtain the following interior estimates. 

||(-A)-/\|U^(B,) < iV||/||L,(B,) +A^hllL,(R'*,c.) (7.1) 

for a G (0,1), 

Wi-Ay/'uh^^B,) < N\\f\\L,iB,) + iV||n|lL,(R^a.) + NWDuU^^b,) (7-2) 

for a G (1, 2), and 

||(-A)-/2u||^^(B,) < A^||/||l,(b.) + A^(e)ll^llL,(R^.) +^II^«IIl,(B4) (7-3) 

for a = 1 and any e G (0,1). Here the weight function co is defined in 
Theorem 14. li 

For the proof of this claim, we take a cut-off function rj G Cq°{B2) satis- 
fying ?7 = 1 on Then it is easily seen that 

L{rju) — Xrju = rjf + L{rju) — rjLu. 
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Applying the global estimate in Theorem 12. II to the equation above gives 

\\{-Ar/\rju)h^^^,^ < N\\rjf + L{r]u) - vLuh^^^.^ 

< N\\f\\L,iB2) + N\\L{vu) - vLuh^^^.y 

Thus, by the triangle inequality, 

\\{-Ar/\\\LAB,) < M-^r^ML,(R^) < 

+ N\\L{7^u) - r?Ln||i^(R.) + ||(-A)'^/2(r?^z) - T^i-Ay/^U^^^.y (7.4) 

It suffices to estimate the second term on the right-hand side above since 
the estimate of the third term is similar. We compute 

L{r]u) — r]Lu 

(^{r]{x + y) - r]{x))u{x + y) - y ■ V ri{x)u{x)x^"\y)^ K {y) dy. 
(i) For a £ (0, 1), we have 
\L{r]u) — rjLu] < / \{ri{x + y) — ri{x))u{x + y)\K{y) dy 



By using the obvious bound 

|r/(x + y) -?7(x)| < A^|y|l|^|<3 for y G Si, (7.5) 

we get 

\L{r]u) - rjLu\ < N [ l^,^^s\u{x + y)\\y\'-'^-'' dy 

JBi 

+ / |n(:E + y)|(l|,,+j^|<2 + l|,|<2)|yr''-"dy. (7.6) 

JBf 

By Minkowski's inequality and Holder's inequality, 

\\L{r]u) - r7Lu||i^(]Rd) < N\\u\\L^(^s^d^^y (7.7) 

which together with (j7.4|) yields (j7.ip . Indeed, to obtain the above estimate 
the last term in ()7.6p is calculated as follows. 

Mx\<2\u{x + y)\\y\-'^-'' dy 

y\>i 



< 2 



< 2 / \\u{- + y)\\Lp^B2)^iy)dy 
i/p / r \ 1/9 



<N\ j^^\u{x)\P ^ u{y)dyd^ < A^lkllL,(M<',^), 



where q = p/{p — 1). 



28 H. DONG AND D. KIM 

(ii) For a G (1,2), we have 
\L{r]u) — r]Lu\ < / \{rj{x + y) — ri{x))u{x + y) — y ■ 'Vr]{x)u{x)\K{y) dy 
<h + h, (7.8) 

where 

h := / Ur]{x + y)-ri{x)){u{x + y)-u{x))\K{y)dy, 



h ■■= / \{v{x + y) -y ■Vr]{x))u{x)\K{y)dy. 

Note that ^ 

\u{x + y) — u{x)\ < \y\ / \Vu{x + ty)\ dt. 
Jo 

We use ()7.5p and the bound above to estimate Ii by 

^1 • " ( / +/ )|(^(^ + y) -^(^))("(2^ + y) -^(2^))|-^(y)^y 



<iV / /'l|,|<3|Vn(x + ty)||y|2-'^-'^dt(iy 

JBi Jo 

+ N [ {\uix + y)\ + \uix)\) {l\,,+y\<2 + l|x|<2) l^r"'"" dy. 
By Minkowski's inequahty and Holder's inequahty as used for ()7.7p . 

Note that by the mean value theorem, 

\r]{x + y) - r]{x) - y • Vr]{x)\ < N\y\^l\^\^^ for y G Bi. 
Thus we have 

\2-d 



l2<iV|n(x)|l|,|<3 / lyl'-^-^dy 

^Bl 



N\u{x)\ I (i|.+,|<2 + iN<2(i + |y|))|yr^"'^'iy. 



Again, by Minkowski's inequality and Holder's inequality, 

\\h\\Lj,{Rd) < iV||n||i^(iRd_^), 
which together with (j7.8p and (j7.9p gives 

and thus ([TJl)- 

(^iiij In the last case o" = 1, by using (j2.ip . for any 5 G (0, 1) we have 
\L{rju) - 7]Lu\ < I3 + h + h, 
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where 

-^3:= / livi^ + y)-vix)){u{x + y)-u{x))\K{y)dy, 

h-= I \{r]{x + y) -r]{x) -y-Vri{x))u{x)\K{y)dy, 

h-= / \{r]{x + y)-r]{x))u{x + y)\K{y)dy. 
Jb- 

We bound I3 and 1^ in the same way as Ii and I2 to get 

h<N [ I l\,\^:i\Vu{x + ty)\\y\^'Utdy, 
Jbs Jo 

h<N f l|,|<3|n(x)||y|i-'^dy, 
JBs 

and bound as in the first case to get 

h<N [ l|^|<3|n(x + y)||yr'^d2/ 
JBi\Bs 

+ N [ \u{x + y)|(l|:,.+j,|<2 + l|a.|<2)|yr'^"^ dy. 

JBf 

Thus, by Minkowski's inequahty and Holder's inequahty, 

\\L{r]u) - r/Lu||i^(Kd) < N5\\Du\\l^^b4) + ^^(1 - log(5))||n||i^(jjd^^). 
By choosing a suitable 6, we obtain (|7.3p . The claim is proved. 
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